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ABSTRACT
We investigate the discrepancy between the two-dimensional projected lensing mass and the dy-
namical mass for an ensemble of 97 strong gravitational lensing systems discovered by the Sloan Lens
ACS (SLACS) Survey, the BOSS Emission-Line Lens Survey (BELLS), and the BELLS for GALaxy-
Lyα EmitteR sYstems (BELLS GALLERY) Survey. We fit the lensing data to obtain the Einstein
mass, and use the velocity dispersion of the lensing galaxies provided by the Sloan Digital Sky Survey
(SDSS) to get the projected dynamical mass within the Einstein radius by assuming the power-law
mass approximation. The discrepancy is found to be obvious and quantified by Bayesian analysis.
For the singular isothermal sphere (SIS) mass model, we obtain that the Einstein mass is 20.7% more
than the dynamical mass, and the discrepancy increases with the redshift of the lensing galaxies. For
more general power-law mass model, the discrepancy still exists within 1σ credible region. The main
reason of the the discrepancy could be mass contamination, including all invisible masses along the
line of sight. In addition, the measurement errors and the approximation of the mass models could
lead to part of the discrepancy.
Subject headings: gravitational lensing: strong—Einstein mass—dynamical mass—galaxies: elliptical
1. INTRODUCTION
Measuring the mass of galaxies is a fundamental work
in galaxy astronomy. We know that a galaxy contains
two main components: the stars and the dark matter.
According to the Λ cold dark matter theoretical model,
the stellar component of a galaxy is embedded in a dark
matter halo. In order to know the properties of the stel-
lar component, we can use Stellar Population Synthesis
(SPS) techniques to infer them. But as for the dark
matter component, it emits no light or any other kinds
of radios, so we have only a few ways to probe it. Among
these ways, gravitational lenses must be the most pow-
erful technique. It can constrain the total mass of the
galaxies inside the Einstein radius without knowing the
the dynamical state and the nature of the matter. An-
other way to obtain the total mass of a galaxy is dynami-
cal methods, for example, we can use the stellar dynamics
to calculate the dynamical mass of the early-type galax-
ies (ETGs). After knowing the total mass and the stellar
mass of a galaxy, we can get the mass of the dark matter
component.
However, if we want to study some properties of the
ETGs in detail, such as the inner mass profiles, the scal-
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ing relationships and the formation or the evolution of
the galaxies, the mass estimations based on the gravita-
tional lenses and the dynamics face some problems. The
gravitational lenses can precisely constrain the total pro-
jected masses within the Einstein radius, but it can’t pro-
vide us the detail distribution of the mass density profiles
(Falco et al. 1985). For the dynamical method, there is a
degeneracy between the mass profiles and the stellar ve-
locity dispersion tensors, known as the mass-anisotropy
degeneracy (e.g., Gerhard (1993)), and it is also limited
by the paucity of the bright kinematic traces in the outer
regions of the ETGs.
A good method to break the degeneracy mentioned
above is a joint analysis of gravitational lenses and stellar
dynamics (Treu & Koopmans 2002; Treu & Koopmans
2004; Koopmans & Treu 2003; Koopmans et al. 2006).
This method use gravitational lenses to obtain the pro-
jected Einstein mass within the Einstein radius, then the
Einstein mass is used to constrain the total mass of the
galaxies by assuming the power-law mass model. Finally
we can solve the spherical Jeans equation to determine
the average mass-density slope. Over the past decade,
several projects, such as the Sloan Lens ACS (SLACS)
(Bolton et al. 2008), the BOSS Emission-Line Lens Sur-
vey (BELLS) (Brownstein et al. 2012), the BELLS for
the GALaxy-Lyα (BELLS GALLERY) (Shu et al. 2016)
and the Strong Lensing Legacy Survey (SL2S) (e.g.,
Gavazzi et al. (2012)), have found more than 100 galaxy-
scale strong gravitational lensing systems. Using these
lensing systems and the joint analysis of gravitational
lenses and stellar dynamics, Auger et al. (2010) figured
out the mass-density slope of 73 SLACS samples and
found that denser galaxies have steeper mass-density pro-
files. By combining the SLACS and BELLS samples,
Bolton et al. (2012) pointed out that the slope of the to-
tal mass-density profile has a linear relation with redshift,
e.g., γ = 2.11 − 0.60z. In the work of Sonnenfeld et al.
2(2014), based on the lensing measurements about the
evolution of the mass-density profiles of ETGs, they used
the SL2S samples to carry out a new test of the dry-
merger scenario and suggested that the outer regions of
massive ETGs grow through the accretion of stars and
dark matter, while small amounts of dissipation and nu-
clear star formation conspire to keep the mass-density
profile constant and approximately isothermal. The com-
bination of gravitational lenses and stellar dynamics has
also been used to study the cosmology. For example,
assuming that the dynamical mass within the Einstein
radius equals to the Einstein mass, Cao et al. (2015) con-
strained the equation of state to be ω = −1.15+0.56
−1.20.
However, in the joint analysis, the gravitational lenses
and stellar dynamics are treated as two independent
problems, and different potentials are used for the lens
galaxies. It is shown that the joint analysis is not
self-consistent. In order to overcome this shortcom-
ing, Barnabe` & Koopmans (2007) developed a unifying
framework for self-consistent analyses of ETGs. For any
given galaxy potential, if the gravitational lenses data
(i.e., the surface brightness distribution of the lensed im-
ages) and the stellar dynamics data (i.g., the surface
brightness distribution and the line of sight projected
moments of the lens galaxy) are provided, their method
can find the best potential model using the Bayesian
method. They also developed the CAULDRON algo-
rithm to study SLACS samples (Barnabe` et al. 2009,
2011). The CAULDRON algorithm can also be used to
study the late-type spiral galaxies (Brewer et al. 2012;
Barnabe` et al. 2012; Dutton et al. 2013; Brewer et al.
2014).
Does the projected dynamical mass inside the Einstein
radius indeed equal to the Einstein mass? As for the
gravitational lensing images, their light could be affected
by invisible mass contamination, which could produce
errors on the gravitational lens fitting results. Compar-
ing the Einstein mass and dynamical mass for 27 SLACS
samples, Guimara˜es & Sodre´ (2007) found that the Ein-
stein mass is about 6% larger than the projected dy-
namical mass inside the Einstein radius for the SIS mass
model, and they attributed this discrepancy to the line of
sight mass contamination. Recently, He & Zhang (2017)
put forward that the dark energy inside the Einstein ra-
dius could partly offset the gravitational effect of both
visible matter and dark matter, leading to an underesti-
mation of the Einstein mass. In this work, we figure out
the Einstein masses and the projected dynamical masses
of 97 strong gravitational lensing systems and study the
discrepancy between them. Throughout this paper, we
adopt a fiducial cosmological model with Ωm = 0.274,
ΩΛ = 0.726, and H0 = 70 km s
−1Mpc−1.
2. DATE SETS
Our samples is composed of 97 strong grav-
itational lensing systems, where 57 come from
SLACS Bolton et al. (2008), 25 come from BELLS
Brownstein et al. (2012) and 15 come from BELSS
GALLERY Shu et al. (2016). All of the parameters, in-
cluding the Einstein radius, the velocity dispersions, the
redshifts of lensing galaxies, and the redshifts of back-
ground sources, are from their works too. We abandon
two lensing systems of BELLS GALLERY because both
of them have two lensing galaxies and we can’t obtain
their velocity dispersions. Notice that all of the three
works mentioned above used the singular isothermal el-
lipsoid (SIE) mass model to fit the masses of the lensing
galaxies, but here we use the SIS model and the power
law model to study the mass discrepancy. However, we
point out that this difference has no influence on our re-
sult, because in the lensing systems, the lensing images
just relate to the total mass inside the Einstein radius
and have no relationship with the mass models. The ve-
locity dispersion is the average stellar velocity dispersion
inside an aperture which is 1.5” for SLACS and 1” for
BELLS and BELLS GALLERY.
3. COMPARING EINSTEIN MASS AND DYNAMICAL MASS
In this section, we firstly introduce two methods of
mass estimations, based on gravitational lenses and
stellar dynamics, respectively. We then describe our
Bayesian Method to quantify the discrepancy between
the two mass estimations. Finally, we present our result
of the parameters.
3.1. methodology
In a galaxy-galaxy gravitational lensing system, the
light from the source will be deflected by the mass of lens-
ing galaxy and generates arcs or multiple images. The
locations of the observed images can help us to know the
Einstein radius θE . The density inside the Einstein ra-
dius is the so called critical projected mass density, which
can be described as
Σcrit =
c2
4piG
Ds
DlDls
. (1)
The Einstein mass is Mein = piR
2
EΣcrit, where RE =
DlθE is the Einstein radius in the lens plane. Therefore,
the Mein can be written as
Mein =
c2
4G
DsDl
Dls
θ2E , (2)
where Dl and Ds are the angular-diameter distances of
the lens and source, respectively. Dls is the angular-
diameter distance between the lens and source.
SDSS provides us the velocity dispersion σap inside an
aperture θap, where the aperture is 1.5” for SLACS and
1” for BELLS and BELLS GALLERY. We can use this
to calculate the projected dynamical mass inside a cir-
cle. Assuming the power-law mass model ρ ∝ r−γ for
the lensing galaxy, we can write the dynamical mass
within the Einstein radius as (Koopmans et al. 2005;
Guimara˜es & Sodre´ 2007; Cao et al. 2015)
Mdyn(< θE) =
pi
G
σ2apDlθE(
θE
θap
)2−γf(γ), (3)
where
f(γ) = − 1√
pi
(5− 2γ)(1− γ)
3− γ
Γ(γ − 1)
Γ(γ − 3/2)
× (Γ(γ/2− 1/2)
γ/2
)2.
(4)
For the SIS mass model, γ = 2 and f(γ) = 1, the
projected dynamical mass within the Einstein radius has
a simplified form
3Fig. 1.— Comparison of the Einstein mass and the projected dynamical mass for for all the 97 lensing galaxies. The left figure is for the
SIS mass model and the right figure is for the best fitting value of slope γ of the power-law mass model. The lateral axis and the vertical
axis are the Einstein mass and dynamical mass, respectively, they are both in units of 1011M⊙.
Mdyn(< θE) =
pi
G
σ2apDlθE
=
pi
G
σ2apRE .
(5)
Figure 1 shows the comparison of the Einstein mass
and the projected dynamical mass for 97 lensing galaxies.
The left figure is for the SIS mass model and the right
figure is for the power-law mass model under the best
fitting γ (we will explain it in Subsection 3.2). The Ein-
stein mass is calculated from the Einstein radius, while
the dynamical mass is calculated from the velocity dis-
persion inside an aperture. We don’t have the errors of
the Einstein radius, but Bolton et al. (2008) estimated
the systematic uncertainty on Einstein radius measure-
ments to be about 2%. Therefore using this uncertainty,
we find that the errors of the Einstein mass is about 5%.
The straight line in Figure 1 represents the dynamical
mass equaling to the Einstein mass. We find that most
of the points locate under the straight line. Therefore,
the Einstein mass is a little larger than the dynamical
mass. We also find that the galaxies with larger masses
have larger mass discrepancy.
Next, we use the Bayesian method described in
Hogg et al. (2010) to quantify the discrepancy between
the two mass estimations and find the confidence regions
of the parameters. Within the Einstein radius, we sup-
pose
Mein = (1 + a)Mdyn, (6)
where a is a free parameter in our Bayesian analysis. For
the SIS mass model, if we know the Einstein radius, we
can get the σap by
σap =
√
ΣcritGRE
1 + a
. (7)
Here, we denote the velocity dispersion calculated from
the Einstein radius using equation(7) as σpre, the velocity
dispersion calculated from SDSS spectroscopic data as
σobs. Therefore, the likelihood function is
lnL = −1
2
i=97∑
i=1
[
(σipre − σiobs)2
s2i
+ ln(2pis2i )], (8)
where
s2i = δ
2 + (σierr)
2, (9)
δ represents the intrinsic scatter between σpre and σobs,
and we treat it as a free parameter in our Bayesian anal-
ysis. σierr is the measurement errors on σ
i
obs. Now, the
posterior probability is
p(a, δ|{θiE}) = L({θiE}|a, δ)p(a, δ) (10)
We choose a flat prior p(a, δ) for a and δ (−1 < a <
1 and 0 < δ < 50). With these two free parame-
ters, we use a Python implementation named Emcee
(Foreman-Mackey et al. 2013) to do our Bayesian analy-
sis.
3.2. result
Figure 2 shows the posterior probability distributions
of a and δ for the SIS mass model. The results are
a = 0.207+0.041
−0.046, δ = 30.3
+3.7
−4.0, indicating that there is
indeed a discrepancy between the Einstein mass and the
projected dynamical mass.
Fig. 2.— Assuming a SIS mass model, we give the posterior
probability distributions of δ and a. The regions between the two
dashed lines are the 1σ credible regions.
Now we let that a changes with the Einstein mass or
4with the Einstein radius (in kpc) by
a(Mein) = a0 + aM
(
Mein
1011M⊙
− 3.0
)
, (11)
a(Rein) = a0 + aR(Rein − 5.17), (12)
where M = 3 ∗ 1011M⊙ and Rein = 5.17kpc which, are
the mean values of the Einstein mass and Einstein radius
for 97 lenses, respectively. After Bayesian analysis, we
get a0 = 0.207
+0.036
−0.035, aM = 0.067
+0.020
−0.019 for equation(12),
and a0 = 0.219
+0.037
−0.036, aR = 0.065
+0.018
−0.017 for equation(13).
We can see that the discrepancy between the Einstein
mass and dynamical mass still exists. The evolution fac-
tor aM and aR are very small, but it is noted that the
Einstein masses of our sample range from 0.26×1011M⊙
to 13.52 × 1011M⊙, and the Einstein radius range from
1.14kpc to 14.8kpc. Therefore, the parameter a of the
biggest galaxy is at least 0.3 or more larger than that
of the smallest galaxy, we state that a evolves with the
Einstein mass.
Next, we let that a changes with the redshifts of lensing
galaxies and background sources as
a(zlg) = a0 + alg(zlg − 0.3), (13)
a(zbg) = a0 + abg(zbg − 1.07), (14)
where zlg is the lensing redshift, and zbg is the source
redshift. zlg = 0.30 and zbg = 1.07 are the mean red-
shifts of the lensing galaxies and background sources,
respectively. We find that the results are a0 =
0.216+0.037
−0.034, alg = 0.869
+0.260
−0.255 for equation(14), and
a0 = 0.235
+0.048
−0.043, abg = −0.157+0.095−0.089 for equation(15).
Here, we still find the discrepancy between the Einstein
mass and dynamical mass. Additionally, we find that a
strongly depends on lenses redshift, galaxies with higher
redshift have bigger discrepancy between the Einstein
mass and the projected dynamical mass.
It is found that the mean Einstein radius of BELLS
(5.70kpc) and BELLS GALLERY (8.11kpc) are larger
than that of SLACS (4.17kpc), while their redshifts are
higher. Therefore, the relation between a and Rein and
the relation between a and z could affect each other and
give us imprecise constrains for the parameters. In order
to examine this guess, we assume that
a(zlg, Rein) = a0+aR(Rein−5.17)+alg(zlg−0.3). (15)
The Bayesian results are a0 = 0.224
+0.037
−0.035, aR =
0.047+0.022
−0.022, alg = 0.371
+0.320
−0.305, implying that a still in-
creases with the Einstein radius and the lenses redshift
within 1σ error.
Apart from the SIS mass model, we extend our re-
search to the more general power-law mass model. We
treat a and the average mass-density slope γ as free
parameters, then we get the results of a = 0.696+0.474
−0.352
and γ = 1.751+0.101
−0.095. Here, the discrepancy between the
Einstein mass and the projected dynamical mass is still
found within 1σ credible region, and it is even bigger
than that of SIS mass model. However, as shown in Fig-
ure 4, we find a degeneracy between parameter a and the
average mass-density slope γ. It is also noted that our
best-fitting γ is smaller than that of previous works, we
think it is the degeneracy between a and γ that leads to
the smaller γ value.
Bolton et al. (2012) pointed out that the average slope
γ evolves with redshift. Here we also find that a increases
with the lenses redshift, so the degeneracy may be caused
by these two evolutions. Now we let that a and γ change
with redshift at the same time:
a(zlg) = a0 + alg(zlg − 0.3), (16)
γ = γ0 + γz(z − 0.3). (17)
The results are a0 = 0.437
+0.212
−0.170, alg = 00.881
+0.564
−0.798,
γ0 = 1.837
+0.106
−0.095, and γz = 0.144
+0.269
−0.376. The poste-
rior probability distributions of all parameters are shown
in Figure 5. We find that the degeneracy between a
and γ still exists. In our study, γz is positive, which
is inconsistent with previous works (Bolton et al. 2012;
Sonnenfeld et al. 2013). However, our result have a wide
credible region, we do not reject a negative value for γz.
Fig. 3.— Assuming the power-law mass model, we give the pos-
terior probability distributions for δ, a and γ. The regions between
the two dashed lines are the 1σ credible regions.
4. DISCUSSION
In this section, we will discuss the reasons of the dis-
crepancy between Einstein mass and dynamical mass, in-
cluding the invisible mass contamination and many other
factors.
In the work of Guimara˜es & Sodre´ (2007), by com-
paring the Einstein mass and the projected dynami-
cal mass of 27 gravitational samples of SLACS, they
found that the lensing method overestimates the galaxy
masses. Their result is Mein = 1.06 ± 0.08Mdyn for
the SIS mass model. For other mass models, the dif-
ference was even larger. They attributed this differ-
ence to the line of sight mass contamination. Addition-
ally, Momcheva et al. (2006), Williams et al. (2006) and
Moustakas et al. (2007) also found the significant line of
sight effects on strong gravitational lensing systems. In
this paper, we also state that the line of sight mass con-
tamination is the main factor of the discrepancy between
the Einstein mass and the projected dynamical mass.
Additionally, we find that the discrepancy increases with
the Einstein radius and the redshift of the lens galaxies.
This tendency is easy to understand. If a lens galaxy
has larger Einstein radius and higher redshift, the line of
5TABLE 1
Summary of the constraints on the parameters for SIS mass model and power-law mass model (see text for definitions).
Model(equation) parameters {δ, a, a0, aM , aR, alg, abg , γ, γ0, γz}
SIS δ = 30.3+3.7
−4.0, a = 0.207
+0.041
−0.046
SIS (equation 11) δ = 26.1+3.5
−3.0, a0 = 0.207
+0.036
−0.035, aM = 0.067
+0.020
−0.019
SIS (equation 12) δ = 25.6+3.4
−3.1, a0 = 0.219
+0.037
−0.036, aR = 0.065
+0.018
−0.017
SIS (equation 13) δ = 25.6+3.5
−3.1, a0 = 0.216
+0.037
−0.034, alg = 0.869
+0.255
−0.260
SIS (equation 14) δ = 28.0+3.5
−3.3, a0 = 0.235
+0.048
−0.043, abg = 0.157
+0.095
−0.089
SIS (equation 15) δ = 25.2+3.3
−3.1, a0 = 0.224
+0.037
−0.035, aR = 0.047
+0.022
−0.022, alg = 0.371
+0.320
−0.305
Power-law δ = 28.2+3.8
−4.1, a = 0.696
+0.474
−0.352 , γ = 1.751
+0.101
−0.095
Power-law (equation 16 and 17) δ = 26.3+3.7
−4.0, a0 = 0.437
+0.212
−0.170, alg = 00.881
+0.564
−0.798, γ0 = 1.837
+0.106
−0.095 , γz = 0.144
+0.269
−0.376
Fig. 4.— Assuming the power-law mass model and letting a and γ change with the redshift of lensing galaxies, we give the posterior
probability distributions for δ, a0, alg , γ0 and γz . The regions between the two dashed lines are the 1σ credible regions.
sight mass contamination is more likely to be larger and
leads to larger discrepancy between the Einstein mass
and the projected dynamical mass.
As mentioned above, the Einstein radius (or Einstein
mass) has a certain effect on the discrepancy, which indi-
cates that the discrepancy could be from the lens galax-
ies themselves or the surroundings of the lens galaxies.
Here, we point out that a galaxy has its own best fitting
value of slope γ, if we use the average γ value for all
the 97 galaxies, it could affect the the relation between
Einstein mass and projected dynamical mass. We also
find that a systematic change of γ would have a system-
atic effect on the discrepancy. We let γ changes from 1.6
to 2.4 and use the Bayes method we mentioned above
to calculate the value of a for different γ. The relation
between a and γ is shown in Figure 5. We try to use
the quadratic function to fit the points and find the low-
est point (γ,a) is (2.010, 0.111). However, as we can
see in Figure 5, the lowest point of the quadratic curve
could underestimate the value of a. Additionally, based
on the cold dark matter (CDM) model, some analyti-
cal calculations and numerical simulations suggest that
6the substructures around the Milky Way are much more
numerous than the observed numbers of satellite galax-
ies (Klypin et al. 1999; Boylan-Kolchin et al. 2011) and
the same situation should appear in Early-type galax-
ies(ETGs) too. If this conception is right, we state that
the invisible substructures of ETGs within the Einstein
radius would not lead to the discrepancy, because we use
the average mass-density profiles in our study.
Fig. 5.— The discrepancy between Einstein mass and the pro-
jected dynamical mass for different γ value. The blue line is the
best fitting line.
The dynamical mass estimated by the velocity disper-
sion is only an approximation. The uncertainty of this
method is at the level of 20%. It is noted that even
the uncertainty is higher, the dots in Figure 1 should
evenly distribute on both sides of the line. But most of
the dots locate under the line, implying that the larger
uncertainty of dynamical mass can’t explain the discrep-
ancy. We have not found that the dynamical mass esti-
mated by velocity dispersion underestimates the mass of
galaxy in other works. Additionally, the SIS and power-
law mass distribution we used in our study are ellipti-
cal and smooth mass density profile, we also neglect the
anisotropy of the velocity distribution. This assumption
may be too simple to describe the mass distribution of a
real galaxy, which may lead to part of the discrepancy.
Therefore, if we want to get more accurate dynamical
mass, more accurate mass model is needed. But in our
study, at least for SIS mass model and power-law mass
model, the discrepancy indeed exists. If we want to use
these two kinds of mass models to make a joint analysis
of gravitational lenses and dynamical information, it is
worth to make a correction.
Some works have studied the influence of dark energy
on local gravitational lensing systems. Sarkar (2011) sug-
gested that the cosmological constant has limited effects
on lensing signals. He & Zhang (2017), pointed out that
the dark energy acts as a concave lens, contrary to the
convex lens of matter, and claimed that the influence
of dark energy on galaxy-cluster lensing systems is sig-
nificant, which could lead to the underestimation of the
Einstein mass. In our result, the Einstein mass is about
20% more than the dynamical mass for the SIS mass
model, indicating that we may overestimate the Einstein
mass. We think either the dark energy is too weak to
cause the discrepancy on galaxy-scale or the theory in
He & Zhang (2017) does not square with observation.
5. CONCLUSIONS
In this work, we use 97 strong gravitational lensing
systems selected from the SLACS, BELLS, and BELLS
GALLERY, to quantify the discrepancy between the Ein-
stein mass and the projected dynamical mass within the
Einstein radius. Using the SIS mass model, we find that
the Einstein mass is 20.7% more than the projected dy-
namical mass. The Einstein radius (or the Einstein mass)
and the redshift of the lens galaxies have a certain effect
on the discrepancy. When we use the power-law mass
model to study the discrepancy, we find that the dis-
crepancy still exists. We also find a degeneracy between
a and the average mass-density slope γ. The main factor
of the discrepancy could be the line of sight mass contam-
ination. We find that a change of γ would have an effect
on the discrepancy. The dark energy could offset partly
gravitational influence for local lensing systems and cause
an underestimation of the Einstein mass (He & Zhang
2017). However, our result is not consistent with their
conclusion, indicating that the dark energy is not the
main factor to cause the discrepancy between the Ein-
stein mass and the projected dynamical mass on galaxy
scale. Finally, when the SIS and power-law mass model
are used in the joint analysis of gravitational lenses and
dynamical information, we suggest that a correction to
the Einstein mass is needed.
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